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- 22 THE JOY OF MATHEMATICS 

The parabolic 
ceiling of the 
Capitol 

,,.....__ ,, 
It seems rather amusing 
in our present high tech 
world to find that in the 
19th century, the Capitol 
was coincidently de-
signed with its own non-
electronic eavesdropping 

devices. The United States Capitol was designed in 1792 by Dr. 
William Thornton, and the structure was reconstructed in 
1819 after having been burned in 1814 by invading British 
troops. 
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The ceiling in Statuary Hall as It appears today In the United States Capitol. 

To the sou th of the Rotunda (the huge domed hall), is 
Sta tuary Hall, so named because in 1864 each state was asked 

OYO 

to contribute statues of two of its famous citizens. The 
House of Representatives met in Statuary Hall until 1857. It 
was in this room that John Quincy Adams, while a member 
of the House of Representatives, discovered its acoustical phe-
nomenon. He found that at certain spots one could clearly 
hear conversations taking place on the other side of the room, 
while people standing between could hear nothing and their 
noise did not obscure the sounds coming from across the 
room. Adam's desk was situated at a focal point of one 
of the parabolic reflecting ceilings. Thus, he could easily eaves-
drop on the private conversations· of other House members 
located near another focal point. 

Parabolic reflectors function in the following manner: 

sound bounces off the parabolic reflector (or, in 
this case a ceiling's dome) and travels parallel to the 
opposite parabolic reflector, where it bounces to its 
focal point. Thus all sounds originating at a focal 
point pass through the opposite focal point. 

The Exploratorium in San Francisco, California has parabolic 
sound reflectors set up for public use. They are situated on 
opposite sides of a large room and their focal points are 
identified. Two people can carry on a normal conversation 
speaking at the focal points. Neither the number of people nor 
the noise level in the room will hinder their ability to hear 
each other. 



- Fibonacci 
Sequence Fibonacci 1, one of the leading 

mathematicians of the Middle 
Ages, made contributions to 
arithmetic, algebra and geome-
try. He was bom Leonardo da 

Pisa (1175-t250), son of an Italian customs official stationed at 
Burgia in southern Africa. His father's work involved travel to 
various Eastern and Arabic cities, and it was in these region..'! 
that Fibonacci became familiarized With the Hindu-Arabic 
decimal system, which had place value and used the zero 
symbo]. At this time Roman numerals were still being Used for 
calculating in Italy. Fibonacci saw the value and beauty of the 
Hindu-Arabic nurneraJs, and was a strong advocate of their use. 
In 1202 he wrote Liber Abad, a comprehensive handbook 
explaining how to use the Hindu-Arabic numerals; how addi-
tion, subtraction, multiplication and division were perfonned 
with these numerals; how to solve problems; and further 
discussion of algebra and geometry. Italian merchants were 
reluctant to change their old ways; but through their continual 
con tact with Arabs and the works of Fibonacci and other 
mathematicians, the Hindu-Arabic system was introduced and 
slowly accepted in Europe. 
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1) Suppose a one month old pair of rabbits (male and 
female) are too young to reproduce, but are mature 
enough to reproduce when they are two months old. 
Also assume that every month, starting from the second 
month, they produce a new pair of rabbits (male &: 
female). 

2) If each pair of rabbits reproduces in the same way as 
the above, how many pairs of rabbits will there be at 
the beginning of each month? 

9:pair, mature enough to reproduce 
O:pair, too young to reproduce 

ng. of pair~ 
l=Fl=lst Fib. no. 
l=F2=2nd Fib. no. 
2=F3=3rd Fib. no 
3=F4=4th Fib. no. 
5= F5=5th Fib. no. 

Q 

Each term of the Fibonacci sequence is the sum of the two 
preceeding terms and is represented by the ·formula: 

Fn=Fn-1+Fn-2 

Fibonacci did not study this resulting sequence at the time, and 
it was not given any real significance until the 19th century 
when mathematicians became intrigued with the sequence, its 
properties, and the areas in which it appears. 

Fibonacci sequence appears in: 

It seems ironic that Fibonacci is famous today because of a 
sequence of numbers that resulted from one obscure problem in 
his book, Liber Abaci. At the time he wrote the problem it was 
considered merely a mental exercise. Then, in the 19th century, 
when the French mathematician Edouard Lucas was editing a 
four volume work on recreational mathematics, he attached 
Fibonacci's name to the sequence that was the solution to the 
problem from Liber Abad. The problem from Liber Abaci that 
generated the Fibonacci sequence is: 

I. The Pascal triangle, the binomial formula & probability 
II. the golden ratio and the golden rectangle 

If' ID. nature and plants 
W. intriguing mathematical tricks 
V. mathematical identities 1 

Fibonacci literally means son of Bonacci. 
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222 THE JOY OF MATHEMATICS -
The Fibonacci 
sequence & 
Nature 

The occurrence of the 
Fibonacci sequence in 
nature is so frequent 
that one is convinced it 
cannot be accidental. 

a) Consider the list of the following flowers with a Fibonacci 
number of petals: trillium, wildrose, bloodroot, cosmos, 
buttercup, columbine, lily blossom, iris. 

b) Consider these flowers with a Fibonacci number of petal-like parts: 
aster, cosmos, daisy, gaillardia. 

these Fibonacci numbers are frequently 
associated with the petals of: 

3 ................. lilies and irises 
5 ................. columbines, buttercups, and larkspur 
8 ................. delphiniums 
13 ............... com marigolds 
21 .............. .asters 
34, 55, 84 ... daisies 

BI.OODROOT TRILLIUM 

COSMos WILD ROSE 
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c) Fibonacci numbers are also found in the a"angement of 
leaves, twigs, and stems. For example, select a leaf on a stem 
and assign it the number 0, then count the number of leaves 
(assuming none have been broken-ofO until you reach one 
directly in line with the 0-leaf. The total number of leaves will 
most likely be a Fibonacci number, and the number of turns in 
the spiral before reaching the leaf directly above should also be 
a Fibonacci number. The ratio of leaves to turns in the spiral is 
called a phyllotactic (from the Greek word meaning leaf-
arrangement ) ratio. Most phyllotactic ratios happen to be 
Fibonacci ratios. 
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d) Fibonacci numbers have sometimes been called the pine cone 
numbers because consecutive Fibonacci numbers have a tenden-
cy to appear as left and right sided spirals of a pine cone. This is 
also true for a sunflower seedhead. In addition, you may find 
some that are consecutive Lucas numbers.I 

8 spirals to tM right and 13 spirals to tM left 

sunfluwer sudJread 

1 Lucas numbers form a Fibonacci-like sequence which starts with the 
numbers 1 and 3; then consecutive numbers are obtained by adding the 
previous two numbers. Thus, the Lucas sequence is 1,3,4,7,11, .. .It is 
named after Edouard Lucas, the 19th century mathematician who gave 
the Fibonacci sequence its name and who studied recurrent sequences. 
Another way in which the Lucas sequence is related to the Fibonaa:i 
sequence is the following: 

o~3, .. . 

1, { ( 7, 11, 18, .. . 
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e) The pineapple is another plant to check for Fibonacci numbers. 
For the pineapple, count the number of spirals formed by the 
hexagonal shaped scales on the pineapple. 

Fibonacci sequence & the golden ratio 
The sequence of consecutive Fibonacci ratios, 

1 2 3 s 8 Fn+t r r" \'\·..-·· .. 
1, 2, 1.5, 1. 6, 1.625, 1 . 6153, 1 . 619, ... 

alternates above and below the value of the golden ratio, q, . The 
limit of this sequence is q, • This connection implies that wherever 
(particularly in natural phenomena) the golden ratio, the golden 
rectangle, or the equiangular spiral appear the Fibonacci 
sequence is present and vice versa. 



The Golden 
Rectangle 

The golden rectangle is 
a very beautiful and excit-
ing mathematical object, 
which extends beyond 

the mathematical realm. Found in art, architecture, nature, and 
even advertising, its popularity is not an accident. Psychological ! 

tests have shown the golden rectangle to be one of the rectangles t 
most pleasing to the human eye. 

.l Ancient Greek architects of the 5th century B.C. were aware of
1 its hannonious influence. The Parthenon is an example of the. 

early architectural use of the golden rectangle. The ancient 
Greeks ·ha;'f knowledge of the golden mean, how to construct it/ 
how to approxi-
mate it, and how 
to use it to con-
struct the golden 
rectangle. -. The 
golden mean, .fl 
(phi), was not CO:. 
incidentally the 
first three letters 
of Phidias, the fa-
mous Greek 
sculptor. Phidias 
was believed to The Partenoa in Athens, Greece. 
have used the 

golden mean and the golden rectangle in his works. The society 
of Pythagoreans may have chosen the pentagram as a symbol of 
their order because of its relation to the golden mean. 

Besides influencing architecture, the golden rectangle also 
appears in art. In the 1509 treatise De Divina Proportione by Luca 
Pacioli, Leonardo da Vinci illustrated the golden mean in the 
make up of the human body. The use of the golden mean in art 
has come to be labeled as the technique of dynamic symmetry. 

--------- ----· 

' 
Albrecht Dilrer, George Seurat, Pietter Mondrian, Leonardo da 
Vinci, Salvador Dali, George Bellows all used the golden rectan-
gle in some of their works to create dynamic symmetry. 

&tlsm (1859-1891) by French impressionist George Seurat. There are three golden 
rectangles shown. 

When the geometric mean is located on a given segment, AC, the 
golden meanl is formed, 
so that 

( I AC I / I AB I)=( I AB I / I BC I ), 
then I AB I is the golden mean, 
also known as the golden section, 
the golden ratio, or the golden proportion. 

A B .c 

lto determine the value of the golden ratio, one must solve the 
equation (1/x) = (x/(1-x)), where x=IABI, IACl=l, and IBCl=O-x). 
The golden ratio, I AC I / I AB I or I AB I / I BC I comes out to be -
[(1+..JS)/21•1.6. 
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Once a segment has been divided into a golden mean, the golden 
rectangle can easily be constructed as follows: 

or---------,------, I IE ,F 
I I I 
I I I 
I I I 
I I I 
I I I 
I I I 
I I I 

A L _________ J _____ Jjc 
B 

1) Given any segment AC, with B dividing the segment 
into a golden mean, construct square ABED. 

2) Construct CF perpendicular to AC. -3) Extend ray DE so that line DE intersects line CF at 
point F. Then ADFC is a golden rectangle. 

A golden rectangle can also be constructed 
having the golden mean, as follows: 

D M C F 
I . , 
I : 
I 
I 
I . 
I . 
I : 
I , : 
': 

E 
... 

A N B 
1) Construct any square, ABCD. 
2) Bisect the square with segment MN 

'""' 

without already 

3) Using a compass, make arc EC using center N and 
radius I CN I . 

-+ 
4) Extend ray AB until it intersects the arc at point E. -5) Extend ray DC. 
6) Construct segment EF pei:E£ndicular to segment AE, 

and ray OC intersects ray Ef' at point F. Then ADFE is 
a golden rectangle. 

/ 

• _ _,/ 
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The golden rectangle is also self-generating. Starting with golden 
rectangle ABCD below, golden rectangle ECDF is easily made by 
drawing square ABEF. Then golden rectangle DGHF is easily 
formed by drawing square L.::GH. This process can be continued 
indefinitely. 

tD • 0 

ct]: 
• 0 • 

-~·: 
' • 0 

Using the final product of these infinitely many golden rectan-
gles nestled in one another the equiangular spiral (also called the 
logarithmic spiral) can be made. Using a. compass and the squares 
of these golden rectangles, make arcs which are quarter circles of 
these squares. These arcs form the equiangular spiral. 

NOTE: 
The golden rectangle cuntinually gener-
lles other golden rectangles and thus 
outlines the equiangular spiral. The in-
tersection of the diagonals pictured is 
the pole or center of the spiral. 

0 is the center of the spiral. 

A. radius of the spiral is II segment with 
endpoints the center O and any point 
II{ the spiral. 

' : Notice that each tangent to the point of 
the spiral forms an angle with that 
-point's radius, e.g. T7P70. The spiral is 
,m equiangular spiral if all such angles 
ut congruent. 

This is also called a logarithmic spiral 
lawluse it increllSeS at II geometric rate, 
ie. a power of some number and 11 
power or exponent is another name for 
logarithm. 

,. 

I 

The equiangular spiral is the only type of spiral th11t does not 11lter its 
shape 11s it grows. 
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Nature has many forms of packaging - squares, hexagons, cir-
cles, triangles. The golden rectangle and the equiangular spiral 
are two of the most aesthetically pleasing forms. Evidence of the 
equiangular spiral and the golden rectangle are found in starfish, 
shells, ammonites, the chambered nautilus, seedhead arrange-
ment, pine cones, pineapples, and even the shape of an egg. 

Equally exciting is how the golden ratio is linked to the Fibonac-
ci sequence. The limit of the sequence of ratios of consecutive 
terms of the Fibonacci sequence - ( 1, 1, 2, 3, 5, 8, 13, ... , 
[Fn-1+Fn-2J, ... )- is the golden mean, cp . 

1 2 3 5 8 13 21 F n +1 
1' 1' 2' 3' 5' 8' 13' ... ,-F-n 

1, 2, 1.5, L6,1.625,L6153,1.619, ... 

1+ "\/5 = 1.6 cp = 2 

l 

Besides appearing in art, architecture and nature, the golden 
rectangle is even used today in advertising and merchandising. 
Many containers are shaped as golden rectangles to possibly 
appeal to the public's aesthetic point of view. In fact, the 
standard credit card is nearly a golden rectangle. 

Yet the golden rectangle interrelates with other mathematical 
ideas. Some of these are: infinite series, algebra, an inscribed 
regular decagon, Platonic solids, equiangular and logarithmic 
spirals, limits, the golden triangle, and the pentagram. 

• 
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110 11:IEJOYOFMATHEMATICS -
The Five 
Platonic 
Solids 

Platonic solids are convex solids 
whose edges form congruent regular 
plane polygons. Only five such solids 
exist. 

The word solid means any 
3-dimensional object, such as a rock, a bean, a sphere, a pyra-
mid, a box, a cube. There is a very special group of solids called 
regular solids that were discovered in ancient times by the Greek 
philosopher, Plato. A solid is regular if each of 
its faces is the same size and shape. So a cube is 
a regular solid because all its faces are the same 
size squares, but this box, on the right, is not a 
regular solid because its faces are not all the 
same size rectangles. Plato proved that there were only 
five possible regular convex solids. These are the tetrahedron, the 
cube or hexahedron, the octahedron, the dodecahedron, and the 
icosahedron. 

tetrahedron hexahedron or cube 

octahedron 

icosahedron dodecahedron 

--- ·· ·· -- ·· - ~,------
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Here are patterns for making all five regular solids. Why not 
copy them, cut them out and try to fold them into their 
3-dimensional forms? 

tetrahedron 
hexahedron or cube 

octahedron 

icosahedron 

dodecahedron 



e. 
The figures below 
involve the use of the 
Moebius sbip. If you 
make paper models of 
these topological models, 
and cut them along the 
dotted lines, one will 
become a square and the 
other will come apart in 
someway. 

A Twist to 
theMoebius 

Strip 

~.• • w 

',4, . 



\ ,. 

•' 
..... ,

;,,
, 

-. 
'.

 
. 

,!4
 

; 
11

 "•
 

:·
 

_.(' 
• 

r•:.
.-. 

I 
' 

.
•
•
 --

~
..

 
'" .

. t
 

• 

,. 
-i~

"=.~
 .

. _. .
. :_-

-:-;._
 

"· ·
: 'r

 
·

.•
. 

··,
.~ 

• 
' 

• 
,;

.,
·.~

 • .
. :...

, 
! :;~
~:.

,;.r
 

;I
 r··
 

,· 

/. j -:'
 

,. 

·\ .\i
: . 

, 
! .... ,

 ,, 
...

. , ..
... (:

 
.,·.

· .. :
~

 ,,,
,,,,,.

. 

• F
ro

m 
1/1

t q
eb

rr1
1/J

 tu
 1

J,c
j11

nc
1iu

11
 n

f t
ilt

 li
p 

111
i1J,

 1
/,e

 ch
i11

, 1
/1t

 1
ml

{le
 ,!f

' 1l1
t j1

11P
, 1

111
tl i

lu
 ,m

gl
t 1 p/,

er
e 

1/i
e e

ar
 jo

in
s 

1/,
e 

te
mp

le 
JJ1

ill 
be

 a
 p

tr
ftc

l s
q1

11
,re

 .•
. .

' P
ru

po
rli

_on
s o

f 1
/,e

 /11
111

111
11 

lie
ad

, w
it!

, l
,o

rs
tm

m
 fi

,r 
Th

e D
at

tle
 o

f A
ng

hi
ar

i, 
LE

FT
. D

EL
OW

 S
1m

ly
fu

r T
he

 B
at

tle
 o

f A
ng

hi
ar

i, 
c. 

15
03

. 

>
 


